On exact minimization of Higgs potentials by Maniatis, Markos & Mehta, Dhagash
ar
X
iv
:1
30
7.
17
03
v2
  [
he
p-
ph
]  
29
 M
ay
 20
14
On exact minimization of Higgs potentials
Markos Maniatis1 and Dhagash Mehta2
1Departamento de Ciencias Ba´sicas, Facultad de Ciencias, Universidad del Bı´o-Bı´o, Chilla´n, Chile
2 Dept of Mathematics, North Carolina State University, Raleigh, NC 27695-8205, USA
Minimizing the Higgs potential is an essential task in any model involving Higgs bosons. Exact
minimization methods proposed in the literature are based on the polynomial form of the potential.
These methods will in general no longer work if loop contributions to the potential are taken into
account. We present a method to keep the tree level global minimum unchanged in passing to
the effective potential. We illustrate the method for the case of the Minimal Supersymmetric
Model (MSSM).
1. INTRODUCTION
The search for the Higgs boson at the Large Hadron Collider has initiated many theoretical studies of Higgs physics –
see for instance [1–11]. The detection of the minima of a Higgs potential of any model is essential in order to determine
the particle spectrum as well as the electroweak symmetry–breaking behavior. However, finding the minima of a Higgs
potential is in general a non-trivial task. For instance, in the general two-Higgs doublet model (THDM), already at
tree level the Higgs potential consists of three bilinear terms as well as seven quartic terms in the Higgs-boson doublet
fields; for a recent review of the THDM see for instance [12]. In contrast, due to the restrictions imposed by gauge
invariance and renormalizability, in the Standard Model with one Higgs-boson doublet, there is only one bilinear and
one quartic term possible.
Even though the potential is in general non-linear and complicated, an exact solution is often accessible if the
potential is of the polynomial form. All stationary points follow immediately from the solutions of the gradient
equations of the potential yielding systems of equations. In particular, assuming that the potential is bounded from
below, the global minima are the stationary points with the lowest potential value. It was shown for the general
THDM, as well as for even more involved cases, that exact solutions can be achieved by employing the Gro¨bner
basis approach or homotopy continuation [13–17]. It is found that the structure of minima of models beyond the
Standard Model Higgs sector is in general very rich. In particular, different stationary points lie often far away in
terms of the Higgs-boson fields but nevertheless correspond to very close potential values. For instance in a study of
a supersymmetric model with two Higgs-boson doublets and one Higgs-boson singlet [13] (the model studied is the
NMSSM – for reviews see [18, 19]), nearly degenerate vacua were detected for very different points in the Higgs-boson
fields. This finding makes it questionable if even at tree-level the conventional numerical methods will certainly find
the correct global minima for potentials with multiple Higgs bosons.
The situation is even more complicated if quantum corrections are taken into account. In general, all massive
particles of a model will contribute to the Higgs potential via loops. Moreover, these loop contributions will in general
introduce transcendental, that is non-polynomial, functions into the Higgs potential. The appearance of transcendental
functions makes it impossible to apply approaches like the Gro¨bner-basis approach or homotopy continuation directly,
since these approaches work only with polynomials.
Nevertheless, in the following we will demonstrate that there is a way to preserve the global minimum. The idea
is to fix the renormalization scale, which inevitably appears in the loop contributions, such that the gradient of the
one-loop contributions to the potential vanishes at the vacuum. With this assignment of the renormalization scale,
the tree-level global minimum is unchanged if we consider the full one loop effective potential. We will illustrate
the procedure for the case of the Minimal Supersymmetric Standard Model (MSSM) in detail in the following; for
a review of the MSSM see for instance [20]. We note that the approach outlined here should be applicable to other
Higgs potentials in an analogous way.
Let us eventually mention some examples of studies of the minimization of Higgs potentials: the approaches [13,
14, 17] are devoted to the minimization of the tree-level potential of multi-Higgs models. In these approaches, the
stationarity equations are systematically solved employing the Gro¨bner-basis approach or homotopy continuation. In
the approaches [21, 22] the vacuum is deduced in highly symmetric potentials.
In [23] the renormalization-group improved tree-level Higgs potential of the MSSM is studied critically: a comparison
with the effective one-loop potential shows that the loop corrections can be large and have to be taken into account in
general. In particular it is shown that the vacuum-expectation values of the two Higgs bosons depend strongly on the
choosen renormalization scale. This situation is improved drastically when the full one-loop potential is considered.
Based on this finding, in [24] the minimization of the effective MSSM Higgs potential in context with fine tuning is
studied. Is is pointed out that the loop contributions change the structure of the stationary points substantially and
in general all contributions to the effective potential have to be taken into account. The work [25] is also devoted to
2the study of the stationary solutions of the effective potential. In this work the renormalization scale is chosen such
that one of the vacuum-expectation values of the two Higgs-boson doublets is shared between tree-level and effective
potential. In the work [26] the framework of homotopy continuation is applied to minimize the tree-level potential.
Starting from the tree-level stationary points, numerical methods are applied to determine the minima of the effective
loop potential.
2. MINIMIZATION METHOD
In this section we illustrate the minimization method for the case of the MSSM. Let us start with the tree-level
Higgs potential. In the MSSM we get contributions to the tree level Higgs potential from F and D terms, as well as
from the soft supersymmetry-breaking terms. Explicitly, we have [20]
VF = |µ|2(ϕ†1ϕ1 + ϕ†2ϕ2),
VD =
g21 + g
2
2
8
(ϕ†1ϕ1 − ϕ†2ϕ2)2 +
g22
2
(
(ϕ†1ϕ1)(ϕ
†
2ϕ2)− (ϕ†1ϕ2)(ϕ†2ϕ1)
)
,
Vsoft = m
2
H1(ϕ
†
1ϕ1) +m
2
H2(ϕ
†
2ϕ2)− (m23(ϕ†1ϕ2) +H.c.),
(1)
with the tree-level potential
V tree = VF + VD + Vsoft . (2)
In this convention, both Higgs-boson doublets ϕ1/2 have the same hypercharge, Y (ϕ1/2) = +1/2, but can easily
translated to the more common convention via
H1 = ǫϕ
∗
1 , H2 = ϕ2 , with ǫ =
(
0 1
−1 0
)
(3)
where the doublets carry hypercharges Y (H1) = −1/2, Y (H2) = +1/2.
Let us now consider the dominant loop contributions for the third family of the quark–squark supermultiplet to
the Higgs potential. Their contribution to the effective one-loop Higgs potential,
V = V tree + V 1-loop , (4)
reads [27]
V 1-loop =
3
32π2
{
tr
[
M4q˜
(
ln
(
M2q˜
Q2
)
− 3
2
)]
− 2 tr
[
M4q
(
ln
(
M2q
Q2
)
− 3
2
)]}
. (5)
Here, M2q and M
2
q˜ are the squared field-dependent mass matrices for the quarks and squarks, respectively. Note
that, quite naturally in a supersymmetric theory, fermions and bosons appear with different sign in the generic
Coleman–Weinberg corrections. The matrices have the explicit form; see also [28]
M2q =
(
|ht|2(ϕ†2ϕ2) h∗bht(ϕT1 iσ2ϕ2)
hbh
∗
t (ϕ
T
1 iσ2ϕ2)
∗ |hb|2(ϕ†1ϕ1)
)
(6)
in the basis (t, b)T and
M2q˜ =


(
m11
)
2×2
(
m12
)
2×1
(
m13
)
2×1
( m21 )1×2 m22 m23
( m31 )1×2 m32 m33

 (7)
3in the basis ((t˜L, b˜R), t˜
∗
R, b˜
∗
R)
T with
m11 = m
2
q˜3L12 + (|hb|2 −
g2
2
)ϕ1ϕ
†
1 − (|ht|2 −
g2
2
)ϕ2ϕ
†
2 + (
g22
4
− g
2
1
12
)(ϕ†1ϕ1)12 + (|ht|2 −
g22
4
+
g21
12
)(ϕ†2ϕ2)12,
m21 = htµ
∗ϕT1 iσ2 − htAtϕT2 iσ2,
m31 = hbAbϕ
†
1 − hbµ∗ϕ†2,
m22 = m
2
t˜R + |ht|2(ϕ†2ϕ2) +
g21
3
((ϕ†1ϕ1)− (ϕ†2ϕ2)),
m33 = m
2
b˜R
+ |hb|2(ϕ†1ϕ1)−
g21
6
((ϕ†1ϕ1)− (ϕ†2ϕ2)),
m23 = hth
∗
b(ϕ
T
1 iσ2ϕ2) .
(8)
Here g1 and g2 are the usual U(1)Y and SU(2)L gauge couplings; µ is the mass parameter in the superpotential; hb
and ht are the bottom and top Yukawa couplings, respectively; Ab and At are the trilinear couplings; and σ2 is the
second Pauli matrix.
Further supermulitplets which couple to the Higgs bosons may be taken into account in a completely analogous
way. For simplicity, here we consider only the dominant contributions of the third quark, respectively squark family.
The task now is to find the minima of the effective potential (4). All stationary points of the potential follow from
vanishing gradients of the potential. Assuming that the potential is bounded from below, the stationary points with
the lowest potential value are the global minima. Considering the tree-level potential (2) the gradient equation yields
systems of polynomial equations. These systems of equations are in general solvable employing the Gro¨bner-basis
approach or homotopy continuation [13, 14, 17]. However, taking loop contributions to the potential into account,
the gradient equations are no longer of the polynomial form; prohibiting the application of the Gro¨bner or homotopy
continuation approaches. The idea is now to fix the renormalization scale Q such that the gradient of the loop
contributions vanishes at the vacuum,
〈∇V 1-loop(ϕ1, ϕ2)〉 = 0 , (9)
where the gradient is to be built with respect to the Higgs-boson field degrees of freedom. In this way the global
minimum is kept unchanged passing from the tree-level potential to the effective potential.
Employing the condition (9) we ensure that the stationarity solutions of the tree-level potential at the vacuum are
preserved. In particular, stability and electroweak symmetry breaking are kept unchanged at the vacuum but only
the physically irrelevant potential value itself is changed in general.
In our calculations we will represent the potential in the bilinear formalism [29–31]. Let us briefly review this
approach here: in the Higgs potential the two Higgs-boson doublets ϕ1 and ϕ2 appear as scalar products ϕ
†
iϕj with
i, j ∈ {1, 2} (this is also the case for the traces in the loop contributions). These scalar products may be replaced by
the bilinears K0, K1, K2 and K3; for details we refer to [30],
ϕ†1ϕ1 = (K0 +K3)/2, ϕ
†
1ϕ2= (K1 + iK2)/2,
ϕ†2ϕ2 = (K0 −K3)/2, ϕ†2ϕ1= (K1 − iK2)/2.
(10)
The bilinears have to fulfill the conditions
K0 ≥ 0, K20 −K21 −K22 −K23 ≥ 0. (11)
One of the advantages of the bilinears is that the SU(2)L × U(1)Y gauge degrees are eliminated. Moreover, the degree
of the potential is also reduced. With respect to the tree-level potential for the MSSM in terms of the Kα, α = 0, ..., 3,
we find (with the convention of summation over repeated indices)
V tree = ξαKα + ηαβKαKβ (12)
with
ξ =


1
2
(m2H1 +m
2
H2
) + |µ|2
−Rem23
Imm23
1
2
(m2H1 −m2H2)

 , η = 18


g22 0 0 0
0 −g22 0 0
0 0 −g22 0
0 0 0 g21

 . (13)
4Stability and a non-trivial electroweak symmetry breaking of the tree-level potential require [30]
ξ0 −
√
ξ21 + ξ
2
2 > 0 and ξ0 < |ξ| , (14)
with ξ0 and ξ the time-like respectively spatial components of the four vector ξ. The stationarity conditions of
the Higgs potential in terms of Kα with respect to the electroweak symmetry-breaking behavior can now be easily
formulated [13, 30]:
• Unbroken electroweak symmetry: stationary points of the potential with an unbroken electorweak gauge sym-
metry are given by
K0 = K1 = K2 = K3 = 0. (15)
• Fully broken electroweak symmetry: these stationary points are points with
K0 > 0, K
2
0 −K21 −K22 −K23 > 0. (16)
A global minimum of this type has non-vanishing vacuum-expectation values for the charged components of the
doublet fields, thus gives fully broken SU(2)L × U(1)Y ; see [30]. The stationary points of this type are found
by requiring a vanishing gradient with respect to all bilinears Kα:
∇ V (K0,K1,K2,K3) = 0. (17)
Only real solutions of (17) fulfilling (16) are valid.
• Partially broken electroweak symmetry: stationary points corresponding to a partially broken electroweak gauge
symmetry SU(2)L × U(1)Y down to U(1)em are points with
K0 > 0, K
2
0 −K21 −K22 −K23 = 0. (18)
Employing one Lagrange multiplier u, these stationary points are given by the real solutions of the system of
equations
∇[V (K0,K1,K2,K3)− u · (K20 −K21 −K22 −K23 ) ] = 0, K20 −K21 −K22 −K23 = 0, (19)
Only real solutions with K0 > 0 are valid solutions of this type.
As long as the potential is bounded from below, the stationary solutions with the lowest potential value are the
global minima. Evidently, only the global minima with the partially broken electroweak symmetry are in general
acceptable. Let us note that a metastable minimum, that is, a minimum with the desired electroweak symmetry
breaking which is not the global minimum, may have interesting phenomenological consequences. For a recent study
of metastable vacua in the THDM we refer to [32].
Finally, let us give the condition for a vanishing gradient of the loop contribution to the potential (9) in terms of
bilinears,
〈∇V 1-loop(K0,K1,K2,K3)〉 = 0 , (20)
that is, the gradient has to be built with respect to the four bilinears Kα, α = 0, ..., 3. Employing the condition (20)
we have to express the effective loop part of the potential (4)–(8) in terms of bilinears.
3. RESULTS
In this section we demonstrate the detection of the minima and illustrate our method. Guided by one of the
SoftSusy [33] benchmark sets, called “cmssm10.1.1.spec” (this is a constrained case), we choose as an example the
parameters as given in Table I. The convention for the vacuum-expectation values is 〈H0i 〉 = 1/
√
2vi with v =
√
v21 + v
2
2
and tan(β) = v2/v1.
Given the set of parameters we start with a study of the tree-level potential. As pointed out before, we employ the
bilinear formalism with a potential as given in (12). The parameters in terms of the bilinear formalism follow directly
from (13). We check that the conditions for stability and a non-trivial minimum, that is (14), are fulfilled.
5g1 = 0.362414, g2 = 0.643026 U(1)Y resp. SU(2)L gauge couplings
mH± = 722.471 GeV charged Higgs-boson masses
mA0 = 718.195 GeV CP odd Higgs-boson mass
µ = 629.936 GeV superpotential Higgs parameter
hb = 0.135322, ht = 0.861186 bottom resp. top Yukawa coupling
Ab = −1304.2 GeV, At = −880.158 GeV trilinear bottom and top parameters
v = 244.112 GeV, tan(β) = 9.67352 vacuum-expectation value and ratio of vevs v2/v1
m2H1 = 117504 GeV
2, m2H2 = −395338 GeV
2 soft Higgs-boson parameters
M
b˜
= 970.737 GeV soft scalar bottom parameters
TABLE I: Chosen parameters in our example in case of the MSSM. For details we refer to [33].
We proceed with a systematic search for the stationary points as outlined in the last section. Explicitly, we employ
the Gro¨bner-basis approach to solve all stationarity equations (for a brief introduction to the Gro¨bner-basis approach
we refer to the appendix in [13].) We use the Gro¨bner-basis approach as implemented in the Singular program package
which is freely available online [34]. In general there are two complex solutions, where, with the parameters chosen,
both turn out to be real and pass the condition K0 ≥ 0. The two stationary points are given in Table II. Obviously,
for vanishing fields ϕ1 and ϕ2, corresponding to vanishing bilinears K0, ...,K3 we have a stationary point with an
unbroken electroweak symmetry. From (2) or (12) we see that this stationary point has a vanishing potential value.
Furthermore, there is one stationary point with the lowest potential value which has the right, that is, partially
broken, electroweak-symmetry breaking. Since the potential is bounded from below and there is no deeper stationary
point, this stationary point is the global minimum, or vacuum, of the tree level potential. The vacuum-expectation
value and the ratio of the two Higgs-boson doublets (tan(β)) follow from K0 = 1/2v
2, K1 = v
2 sin(β) cos(β), K2 = 0,
K3 = 1/2v
2 cos(2β) at this point.
We ensure that the tadpole conditions at the vacuum are fulfilled - actually the parameters m2H1 , m
2
H2
, mA0 , as
given in Tab. I, are fixed such that the tree-level tadpole conditions vanish at the desired vacuum. As a consistency
check we verify that the bordered Hessian corresponds to a local minimum at the vacuum.
With the preceding preparations we now approach the effective potential (4). As outlined above, in order to keep
the global minimum passing to the effective potential, we require that the gradient of the one-loop contribution
V 1-loop (5) vanishes at the vacuum. In our example the gradient of the contribution V 1-loop yields three non-trivial
conditions. We satisfy these gradient conditions by an appropriate choice of the renormalization scale Q and two
additional parameters. In our example we fix in this way besides Q the generic scalar quark mass squared M2q˜ as well
as the scalar top quark mass squared M2
t˜
.
Explicitly, for the parameters given above we obtain from (20) a renormalization scale squared
Q2 = 5.598 · 106 GeV2 (21)
accompanied byM2q˜ = 42645 GeV
2 andM2
t˜
= 1.625 ·107 GeV2. Following the approach outlined here we keep in this
way the stationary point passing to the effective potential. However, there could appear additional stationary points
at the loop level. Here we will illustrate two strategies to verify that the global minimum of the tree-level potential
is also the vacuum of the effective potential.
The first strategy is to look for a deeper minimum of the effective potential with numerical methods. With the
known vacuum at tree level and in addition with a fixed vanishing gradient of the loop contributions via (20) we have
a starting point for this search. In this study we employ the minimization routine called Constrained Optimization
by Linear Approximations, (COBYLA) [35]. This numerical minimization method is available in form of a C-library
Nlopt [36]. We can therefore confirm that the vacuum persists for the case of the effective potential, since no deeper
minimum is found starting from this vacuum.
In a second strategy we approximate the effective potential V 1-loop in a polynomial form. Explicitly we write the
traces appearing on the r.h.s of (5) as
tr
[
M4
(
ln
(
M2
Q2
)
− 3
2
)] ≈ 1
Q2
tr
(
M6
)− 5
2
tr
(
M4
)
, (22)
with M2 corresponding to a generic squared mass matrix. The advantage of the polynomial form of the potential in
this approximation is that we may apply methods like the Gro¨bner basis approach or homotopy continuation and
6type of minimum v [GeV] tan(β) K0[GeV
2] K1[GeV
2] K2[GeV
2] K3[GeV
2] potential [GeV4]
unbroken 0 – 0 0 0 0 0
partially 244.11 9.68 29795 6095 0 −29165 −5.79293 · 107
TABLE II: Minima of the tree-level potential V tree (2) with respect to their different types. The first column gives the type of
minimum with respect to the electroweak symmetry-breaking behavior.
type of minimum v [GeV] tan(β) K0[GeV
2] K1[GeV
2] K2[GeV
2] K3[GeV
2] potential [GeV4]
fully – – 32632 -820010 0 -32059 6.92704 · 1011
partially 1.89 · 106 1.4 · 10−6 1.79 · 1012 −5.1 · 106 0 1.79 · 1012 1.894 · 106
unbroken 0 – 0 0 0 0 −1.76818 · 1012
partially 244.11 9.6735 29795 6095 0 −29165 −1.76821 · 1012
TABLE III: Minima of the one-loop effective potential V (4) with respect to their different types. The first column gives the
type of minimum with respect to the electroweak symmetry-breaking behavior.
therefore are able to find systematically all stationary points of the effective potential. These powerfull approaches
are restricted to polynomial equations. In order to keep the vacuum passing to the effective potential we have to
apply the conditions (20). Consistently, we apply these conditions taking the non-transzendental approximation of
the from (22) into account. We remark that the traces of the squared mass matrices M2q and M
2
q˜ in (22) can easily
be computed with help of computer algebra systems.
In this approximation we find 16 complex solutions of the stationarity equations for the case of the effective
potential. For the chosen parameter set, there remain four viable stationary points, that is, real solutions with
K0 ≥ 0, as presented in Tab. III. This list is ordered from above to below with respect to decreasing potential values.
Comparing the results with respect to the tree-level potential in Tab. II with the results with respect to the effective
potential, Tab. III, we see that we get a richer structure of stationary points compared to the tree-level result. The
first line in Tab. III shows a fully broken minimum, corresponding to the highest potential value among the stationary
points. Below this potential value appears a partially broken stationary point. This point has an unwanted vacuum-
expectation value of v = 1.89·106 GeV, far above 244.11 GeV. With a decreasing potential value we find one stationary
point corresponding to an unbroken electroweak symmetry. This point does not correspond to a vanishing potential
unlike in the tree-level case. In the effective case this point gets additional contributions for vanishing fields from the
loop terms. Eventually, we find, as expected from the conditions (20), a stationary point passing from the tree-level,
that is, with the same values for the bilinears. As intended, this follows from the vanishing gradient of the loop
contributions at this point. Let us note that although we find, as desired, the tree-level stationary point also for the
effective potential, this point corresponds to a different potential value as can be seen by comparing Tabs. II and
III. This comes from the fact that the conditions (20) require a vanishing gradient and not a vanishing potential at
the vacuum. The partially broken stationary point is the deepest available and therefore is identified with the global
minimum. Of course, the revealed structure of stationary points is based on the polynomial approximation of the
loop contributions, which is only exact in the vicinity of the global minimum.
Altogether, we can confirm the persistence of the vacuum passing to the effective potential. Firstly, numerical
methods starting at the stationary point which is kept in the effective potential does not find a deeper solution.
Secondly, a systematic approach, looking for all stationary solutions in an polynomial approximation of the loop
contributions, does also not find any deviation from the tree-level vacuum. Nevertheless, we emphasize that the loop
contributions in general drastically change the potential and therefore have to be taken into account in general. This
was pointed out in previous studies, for instance in [23–25]. In the example studied here we detect two complex
stationary solutions in the tree-level case whereas we find 16 complex solutions in the (approximated) effective case.
The two tree-level solutions, respectively four solutions in the effective case pass the conditions that the bilinears are
real and K0 ≥ 0.
Note, that, for simplicity, we have only considered the dominant loop contributions here. However the remaining
contributions may be implementes in a completely analogous way.
Let us finally comment on the chosen renormalization scale Q. First we recall that although the full loop ex-
pansion does not depend on the renormalization scale any truncation in general does. Of course, the value for the
renormalization scale is an arbitrary mass scale.
Any physical Higgs potential has to provide a stable global minimum and therefore, a renormalization scale Q
fulfilling (9), or equivalently (20), appears in a natural way. However, in models with anomalous, that is, radiative
electroweak symmetry breaking, there may be no viable global minimum of the tree-level potential available which
7could pass to the effective potential. In this case the method proposed here is not aplicable.
In a supersymmetric model (with not too large soft-breaking terms), the superpartners appear with opposite signs
in the Coleman-Weinberg contributions and we expect the renormalization scale Q in the range of the superpartner
masses. In our example studied here this is indeed the case. We have also compared the scale with a method to fix
the renormalization scale following from a vanishing grandient of the potential with respect to Q; see for instance
[23–25, 37]. We find that the scale choices agree within a factor of two.
Studying the two-loop effective potential with respect to minimization would be very interesting, but is beyond the
scope of this paper and is left for future work. However, it is clear that a scale Q, fulfilling an analogous condition
as in (9) or (20), has in general to be available for stability reasons. Eventually let us remark that with increasing
loop order it is to be expected that the dependence of the vacuum-expectation values on the renormalization scale
decreases.
Conclusion
The minimization of Higgs potentials is in general a non-trivial task. A thorough and straightforward way is to
solve the stationarity equations of the potential. Proposed methods like the Gro¨bner-basis approach or homotopy
continuation are only applicable to polynomial systems of equations. However, taking the Coleman-Weinberg loop
contributions into account the stationarity equations are no longer of polynomial form. We have presented a method
to nevertheless preserve the global minimum of the potential considering the loop contributions. The idea is to fix the
renormalization scale, in addition to other model scales, such that the gradient of the loop contributions vanishes at
the vacuum. We have verified in an explicit example that the minimum of the effective potential appears to be valid,
once with numerical methods starting from the tree-level potential, and once in a polynomial approximation of the
loop contributions. We have illustrated the method for the case of the minimal supersymmetric model (MSSM). In
particular, it could be confirmed that the structure of minima is substantially changed passing from the tree-level to
the quantum level of the potential.
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